A parameterization of the dispersive conductivity of highly-doped graphene has been developed and is presented for use in finite-difference time-domain simulation of near infrared graphene-based photonic and plasmonic devices. The parameterization is based on fitting a Padé approximant to the conductivity arising from interband electronic transitions. The resulting parameterization provides an accurate spectral representation of the conductivity in the wavelength range 1.3 − 2.3μm which is important for near infrared graphene plasmonics. Finite-difference time-domain simulations of straight graphene plasmonic waveguides of infinite and finite width are presented. 
Introduction
Graphene is an exciting new material that is receiving significant attention in the research community as a building block for both flexible and inherently novel devices. Graphene is a twodimensional monoatomic layer of carbon arranged in a honeycomb lattice [1, 2] . It has a number of interesting features of interest from both a fundamental physics standpoint as well as an engineering one. The physics of graphene is novel in that it represents one of the only examples of a truly two-dimensional solid that can be completely isolated from a substrate or supporting structure. Due to graphene's particular crystal structure, the electrons in graphene lose their effective mass and behave like Dirac fermions [3] with velocities approaching 0.01c. Graphene is a zero gap semiconductor, and its electronic band structure is conical about its K points. Already the interesting photonic properties of graphene have been explored for a range of applications. Demonstrations of graphene-based photodetectors capable of operating frequencies as high as 40 GHz at a wavelength of 1.55μm have been carried out, and the authors estimate that the peak bandwidth of a graphene photodetector could be as large as 500 GHz Recently Vakil and Engheta discussed metamaterials and transformation optics in which the surface plasmon polariton (SPP) properties of highly doped graphene play a key role [14] . Using graphene for SPP devices instead of noble metals such as gold or silver is advantageous because the material properties of graphene are tunable via external electric or magnetic field, and it supports SPPs with longer propagation lengths. Metamaterials, plasmonics and integrated photonics deal with electromagnetic behavior associated with micrometer and nanometer geometrical features. Typically finding the electromagnetic fields in these subwavelength geometries requires numerical approaches to solve Maxwell's equations. One of the most popular numerical techniques is the finite difference time domain (FDTD) method [15, 16] which is an explicit discretization of Maxwell's equations in space and time. FDTD is attractive due to its generality, ease of implementation, linear scaling in execution time with problem size, straight forward parallelizability, favorable speedup with parallelization and ability to handle dispersive and nonlinear materials. It is often the default method when modeling large three-dimensional irregular geometries.
In the frequency domain the relationship between the electric field and current density for isotropic materials is given by J(ω) = σ (ω) E(ω). Because FDTD solves Maxwell's equations in the time domain, incorporating dispersive materials requires special handling. One of the most efficient approaches uses auxilary differential equations (ADE) [16] [17] [18] While the intraband relaxation contribution to graphene's conductivity can be represented using the Drude model alone, the interband transition component results in a dispersive conductivity function that cannot be directly incorporated into FDTD using the ADE method. In this work a Padé approximant [16, [21] [22] [23] ] is used to represent the interband term in a form that can be incorporated into FDTD. The general recipe is described for performing the fit, fitting parameters are given and modeling results of SPPs in graphene are presented.
Recent work has modeled an infinite graphene sheet using FDTD [24] ; however, only the intraband (Drude) conductivity was used. While neglecting the interband term may provide good results for long wavelengths, it must be included when considering optical behavior with optical energies near the chemical potential. This work presents a form for the interband conductivity term that is especially important for near infrared SPP modeling in graphene. FDTD is an extremely powerful tool for nanophotonic modeling [25] [26] [27] [28] , and the results presented here will further enable discovery and design of photonic devices that exploit the exciting properties of graphene.
Graphene conductivity
Graphene has a frequency-dependent complex-valued conductivity which is shown in Fig. 1 For photon energies below two times the chemical potential, the imaginary part of the optical conductivity is negative opening the possibility for transverse magnetic SPP waves [14, 31, 35] . From the time-harmonic Maxwell equations, the relationship between conductivity and electric permittivity is given by
where ε r (ω) is the real part of the electric permittivity and −σ (ω)/ω is the imaginary part [36] . However, if the conductivity σ (ω) = σ r (ω) + iσ i (ω) is complex, then the electric permittivity is more clearly written by performing the complex arithmetic as in
This demonstrates that a negative imaginary part of the conductivity σ i (ω) will result in a negative real part of the electric permittivity when ε r (ω) + σ i (ω)/ω < 0. In this case the graphene layer behaves like a thin metal capable of supporting SPP waves. In the absence of an applied electric or magnetic field, the conductivity is associated with electronic intraband relaxation and interband transitions according to σ = σ intra + σ inter . Following the notation of [24, 31] , an expression for the conductivity as a function of frequency (ω), chemical potential (μ c ), carrier scattering rate (Γ) and temperature (T ) is given by 
where σ 0 = πe 2 2h . For the case k B T |μ c |,hω, the second integral may be approximated by
In this work, highly doped graphene is considered with μ c = 0.6 eV, so the condition k B T |μ c |,hω is satisfied even at room temperature T = 300 K. A useful property of graphene is the tunability of its chemical potential with an external DC electric or magnetic field. However, in this work chemically doped graphene is considered where the relationship between the carrier density n and chemical potential is given by
where the Fermi velocity v F has a value around 10 6 m/s. In [31, 35, 37], values of the chemical potential less than or equal to 0.2 eV were discussed in the context of practical graphene-based electromagnetic devices. These small values of the chemical potential are consistent with low to moderate levels of chemical doping in graphene. Because the imaginary part of the conductivity is negative for optical excitations less than two times the chemical potential, these SPP devices are expected to function only for wavelengths longer than 3μm. This work is motivated by integration of graphene into standard fiber optic components operating near 1.55μm. Therefore, in order for SPP waves to exist in these wavelength ranges, the chemical potential of the graphene will need to be at least 0.5 eV. Zhao et al. reported one example of how such a large doping level may be achieved in graphene [38] . Graphene flakes were submerged in solutions of 14 molar concentration of H 2 SO 4 and the doping concentration was monitored in situ using Raman spectroscopy. They achieved carrier concentrations of 0.2 − 0.4 × 10 13 cm −2 in bilayer graphene which is the predicted carrier concentration necessary for near infrared graphene plasmonics [35] . Figure 1 (a) displays the real and imaginary parts of the conductivity of graphene normalized to σ 0 for different values of the chemical potential (μ c ) ranging from 0.1 eV to 0.6 eV. The imaginary part of the conductivity passes from positive to negative whenhω < 2μ c . As μ c is increased to values exceeding 0.5 eV, the imaginary part of σ becomes negative for wavelengths longer than 1.5 μm.
Padé fit to interband conductivity term
A Padé approximant fits a rational polynomial of the form
to a set of data points or samples [16, [21] [22] [23] . In this work a polynomial of the form is used. Substituting jω for ω preserves the required conjugate symmetry (σ (ω) = σ * (−ω)) in the Padé fit assuming the a i and b i are real. Polynomials of order M = N = 2 in the numerator and denominator lead to straight forward and efficient FDTD implementation. Use of higher order polynomials did not result in significantly improved fits. The fitting procedure consists of moving the denominator polynomial to the right side and then moving all terms containing ω back to the left as shown below.
This procedure results in a linear equation in the expansion coefficients a i and b i . In order to enforce purely real expansion coefficients Eq. (9) must be separated into its real and imaginary parts according to
and
where ω 1 , ω 2 and ω 3 are three distinct frequency values at which σ inter (ω) is sampled. Figure 2 displays the real and imaginary parts of the resulting Padé fit to the interband conductivity term associated with μ c = 0.6 eV. The fit is very good for wavelengths longer than 1.0μm. Table 1 displays the coefficients used in the fit. Table 1 . Padé Expansion Coefficients for Fit Displayed in Fig. 2 a 0 a 1 a 2 b 1 b 2 -9.114e-28 1.674e-20 1.343e-36 8.082e-17 2.148e-31 Previous work has determined that the dispersion relation for a transverse magnetic (TM) SPP wave on an infinite graphene sheet is given by β = k 0 [1 + 2/η 0 σ (ω)] 1/2 where k 0 is the free space wave number, and η 0 is the impedance of free space [14, 31] . Figure 3 displays the dispersion relation of a TM SPP wave using the exact formulas (Eqs. (4) and (5)) for σ = σ intra + σ inter as well as the Padé approximation to σ inter . For comparison, the dispersion relation using only the intraband term σ = σ intra is shown to illustrate the importance of including the interband term in the near infrared region. The shaded yellow region shows the frequency region where a significantly improved fit is obtained. The yellow shaded region also corresponds to the targeted frequency region for near infrared graphene plasmonics which makes this fitting procedure highly effective for this wavelength region. As expected, for shorter wavelengths above the yellow shaded region, there is less agreement between the frequency dispersion using the Padé fit and the exact formulas. 
Compact FDTD
To demonstrate the quality of the Padé fit to the interband conductivity, the compact FDTD (cFDTD) method is used to simulate an infinite sheet. cFDTD is a fully vectorial numerical method for solving Maxwell's equations [39] [40] [41] [42] [43] [44] [45] . For geometries uniform along the z direction, the electric and magnetic fields can be written as
where F β i (x, y, z) refers to the ith vector component of the electric or magnetic field, z is the propagation direction, and β is the propagation constant. If Eq. (12) is inserted into Maxwell's curl equations in cartesian coordinates, derivatives with respect to z can be evaluated explicitly and replaced with jβ . The FDTD method can then be used to solve for the two-dimensional field quantities f β i (x, y). In this case, the problem still incorporates six vector components, but the computational domain requires only the two-dimensional cross section of the waveguide. Examples of the FDTD update equations for E y and H x are shown below. fields are shown at the same moment in time. The tight field confinement to the graphene layer is clear. The cFDTD method is capable of calculating the propagation length, and a typical calculated value is 10λ or (20μm) which is consistent with [35] . These results generally agree with previous theoretical work which incorporate electron-phonon losses via the relaxation time approximation. However, the relaxation time can be influenced by a number of experimental parameters including doping mechanism and temperature and can vary depending on sample preparation method. However, one of the strengths of the presented fitting procedure is that it can incorporate more realistic experimental measurements of the material properties of graphene in the near infrared region.
Finite width graphene plasmonic waveguide
To conclude this work, results are presented for a graphene SPP waveguide of finite width. The SPP modes of a finite width structure do not have closed form solutions which makes a numerical calculation necessary. A complete modal analysis of the SPP modes of a finite width graphene waveguide is beyond the scope of the current work. However, an example of the dispersion and electric fields of a TM-like mode is shown in Fig. 6 . The FDTD simulation parameters are the same as those in the previous section with the exception of using a twodimensional grid with 300 grid points along x and a Δx no larger than 10 nm. As the width of the graphene is reduced, the dispersion relation is shifted to higher frequencies consistent with well known waveguide theory. The field profiles display the same localized field behavior and symmetry along the y direction as the fields for the infinite graphene sheet (Fig. 5) . However, the fields along the x direction are no longer uniform and display higher order mode behavior. 
Conclusion
This work presents a method for introducing the graphene interband conductivity term into FDTD simulations. The fitting procedure is based on Padé interpolation which leads to straight forward integration with FDTD via the ADE method. The approach is illustrated for highly doped graphene which supports SPP waves in the near infrared. This work is important for modeling and design of near infrared graphene plasmonic devices. FDTD modeling results for relatively simple structures are presented to demonstrate the method; however, much more complicated SPP waveguiding structures may be modeled in future studies such as multilayer structures or graphene layers with curved or non-planar shapes. Furthermore, these results are not restricted to waveguiding geometries; three-dimensional structures such as curved waveguides or graphene-based SPP microcavities can also be investigated with this method.
